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I. INTRODUCTION 
l~ Introduction 
Reinforced concrete box culverts are customarily designed by 
oomputing moments ann shears i'or a given l-oad-ing wi th the aid of some 
type of frame analysis involving the "elastic"-properties of the struc-
ture.. Side walls are designed to resist-bending moment combined with 
axial thrust due to the vertical loads, and shear du_e to the- lateral 
loads. Top and -bottom slabs are designe-d for bending moment, with small 
thrusts ignored" and for large shears due to- vertical loads. 
Under existing- specii'ications, and for pro-portions and loads 
typical for culverts under high fills, the depth of the members will 
usually be controlled by shear in the horizontal members at the face of 
the column. The amoun"t of reinforcement will depend on the moments and 
on the axtal thrust if it is considered .. 
The results of tests made at the Ohio River Division Laboratories 
of the Corps of Engineers suggested that culverts designed by conventional 
procedures have a fact-oT of safety against failure in shear greater than 
the factor of safety against failure in flexure. Since recent investiga-
tions of-the shear strength of reinforced concrete members have yielded 
new information on the mec-hanism of shear failure, it is believed that an 
optimum design procedure for reinforced concrete box culverts can De 
developed. The -optimum condition is one in which the relative strengths 
in shear and in flexure are such that the structure can develop its full 
flexural strength and deformation without prior failure in shear and with-
out the structure being over-designed in shear. 
2. 
The elements tha-t make up a culvert "may" be considered to be 
partially restrained beams, subjecrteu"to""iJut"h distributed and axial loads. 
Thus, the condition of stress is -similar to that "commonly e-ncountered in 
reinforced concrete frames under combined flexure, shear, and axial load. 
Any information develop-ed about- the laad.;..carryingcapaci.ty of reinforced 
concrete box culverts oan easily be extended to throw more light On the 
design of elements of a reinforced ooncrete frame .. 
2. Objeot and Scope o-f Investigation 
The object of "i;his research program is to establish by analyses 
and by stud"ies of the available test data ori teria for the structural 
design of reinforced concr-ete box culverts .. 
Stage 1 of this investigation involved the collection, correla-
tion, and analysis of theexi-stingdata on the ul tim.ate strength in 
shear o:f reinforced c·oncrete beams. A report on this stage of the work 
* was rendered in Sept-ember, 195} (2) • 
The scope o"f this rep-oM includes Stages 2, 3, and 4 as speci-
fied in Contract DA-33-017-eng-222 between the University of Illinois and 
the Ohio Riv"erDivis"ion Lab-orat"ories, Corps of Engineers, U. S. Army. 
These stages cover the following phases of the work: 
Stage 2 -- Application of the results obtained in Stage 1 to the 
problem -of shearin frames representative in whole or in part of those 
used in culverts. This will involve the consideration of the effects of 
axial load in the members and the effects of continuity in indeterminate 
structures. 
* Numbers in parentheses refer to corresponding entries in Bibliography. 
3. 
Stage 3 -- Collection, correlation, and analysis of the available 
data on the ultimate strength in fl'e-xure of reinforced concrete frames. 
This will involve considera.tj:on of' ·the inelastic behavior of reinforc ed 
concrete members in fle'xure at·or near ultimata load, the formation of 
"plastiC hinges", and the consequent redistribution of moments. 
Stage 4 -- An anempt to correlate the results of the studies in 
Stages 1-3 with the results of the culvert tests made by the Ohio River 
Division Laboratories, considering the behavior and strength of the test 
specimens with respect to both shear and flexure. 
In this report, Stage 2is coverS"d. primarily in Chapter III, 
Stage 3 in Chapter II, and Stage 4 in Chapter IV. 
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4. Notation 
The following notation is used in-this report: 
A = different symbols as defined in text, given -by Eqs. 18 and 
36 
A = area of tension reIni'orcament of a section s 
At = area of compressi-on reinf-orcement of a section s 
B = givan°-b-y Eq. 39 
b = -width of member 
C = internal comprassivs'"force in concrete 
C '= -[-orce inc-ompression reinforcement-
c = rati-o -be-tw8en lateral and vertical loads on a culvert 
D = t-otal depth of member 
d = distance from centroid of tension reinforcement to 
compression fa-ce of member 
E = modulus -of' elasticityof' concrete 
c 
E: = see Fig .. 1 
o 
E = modulus o"f elasticity of reinforcing steel 
s 
e = strain in extreme-compression fiber of concrete 
c 
E = given by Eq. 14; see Fig" 4 
oP 
E 
U 
E 
o 
E 
S 
= ultimate compressive strain in concrete, taken 
as 0 .. 004 
= steel strain at beginning of strain hardening, 
see Fig. 1 
= strain in tension reinforcement 
e! = strain in compression reinforcement 
s 
E 
Y 
f 
c 
= yield strain in tension reinforcement 
= compressive stress in extreme fiber of concrete, given 
by "straight-line" theory 
4. 
J 
I } 
5· 
Notation (Cont'd) 
fl = compressive strength of standard 6 by 12-in. concrete test 
C cylinders 
f := see Fig" 1 
0 
f = stress in tension reinforc 'amen t 
s 
f,t = stress in 'COmpr'9'S s i-on Tein! orc emen t 
s 
f = yield stress in tension reinforcement y 
= ultimate stress in reinforcement 
= rat'io'of the avera-ge c-ompressive stress in beam at failure 
to the strength of standard 6 by l2-in. test cylinders, 
given by Eq. 'I 
k2 = fraction of the de-pth ·-ot"c·ompression zone which determines 
the position of the compressive forceQ in concrete, ta.ken 
as 0.45 
kd = d,epth of compression zone of concrete as determined by 
"stra'ight-lfneJt theory 
k d 
u 
k d y 
= depth of compression zone of concrete at ultimate flexural 
capacity 
depth of compression zone of concrete at first yielding of 
tension reinforcement e 
L := span of culvert, see Fig. 11 
M = bending moment at a section 
M = given by Eq. 21 
na 
M = resisting shear moment at beam-column connection subjected 
s to no axial load, given by Eq. 31 
Ml = resisting shear moment at beam-column connection subj~cted 
s to axial loau, given by Eq. 41 
M 
u 
114 y 
= resisting moment at a section at ultimate flexural capacity 
resisting moment at a section at first yielding of tension 
reinforcement 
E 
s 
n = E = e~stic modular ratio, taken as 5 + lO~~OO 
c c 
Notation (Cont'd) 
P = axial load at a section, applied at the mid-depth of the 
section 
Pt = total vertical load on culvert 
PlY = total vertical load at formation of the first plastic hinge 
P2Y = total vertical load at formation of the second plastic hinge 
P = total vertical load at failure 
u 
A 
s P =-
bd 
Af 
S pl. =_ 
bd 
td = distance between centroids of tension and compression 
reinf ore smen t 
v = shearing force at a section 
w = uniform load on culvert 
x = given -by Eq. 45 
D 
z =-
2L 
6. 
7· 
II. ANALYSIS OF FLEXURAL STRENGTH OF CULVERTS 
The ultimate flexural strength of a reinforced concrete member 
de'pends both on the type of stress and the typ'S" of "loading to which the 
member is subjected. With regard to the type o£ stress, the following 
combinations can be 'present: pure flexur'e; comhined flexure and shear j 
combined flexure and axial load. The type of loading can be either static 
or dynamic loading. These types can be further subdivided by considering 
single short-time load'ap"plication, sustained working loads, sustained 
high loads 7 and repeat-ed loads. 
In this inves-tigationonly the single short-time load application 
was considered. For this type of loading, the' flexural strength of a 
reinforced concrete member in the r-egion of pure flexure can be determined 
with a f'air degree of accuracy by exisiiing1II8thods (1). In the case of 
combined flexure and shear~ the flexural strength of the member remains 
unchanged provided that the proper amount of w'eb reinforcement is used to 
'pr'event a premature shear failure (2) 6 The addition of axial load, how-
ever,? changes the flS'xural strength of a reinforced concrete member. The 
ultimate resisting moment of a member which would fail in tension under 
pure flexure' f'irst increases as the magnitude of the axial load increases; 
then, at a certa-in magnitude of the axial load, the mode of failure changes 
from 'tension to a balanced failure. Any further increase in the axial load 
he"yond this point will lower the ultimate flexural moment and produce a 
c'ompression type of failure. Likewise, the ultimate flexural moment of a 
mamber which would fail in compression under pure flexure will immediately 
decrease as any axial load is applied. 
8. 
The elements of a oulvert ara'in general stressed under oombina-
tions 'of flexure, shear, and axial loa-d.. Since oulverts of the type 
considered in this r-epor-t are statioally indeterminate J their ultimate 
load~carrying oapaoi ty d-oes not necessarily correspond to the load produo-
ingfirst yielding '-in the reinf-orcement.. The applied load may still be 
increased beyond this stage and the ultimate l-oad-carrying ca.pa.city will 
not be increased beyond this stage and the ultimate load-carrying oapac:Lty 
-will not be reached until the applied moment equals the ultimate flexural 
resisting moment at some section of the oulvert. In order to prediot the 
ultimate load that a oulvert oan resist,. it 'is necessary to determine the 
ul tims;te flexural resisting moments at the cri tioal sections as well as 
the moments corresponding-to' -f'irst yielding' of the reinforoement. The 
moms'nts 'produced by the applied loads must of' course also be determined. 
The calculati'ons'''for these' various res'ist±ng and applied moments are 
described in the following sections of this chapter. 
5.. AssumptIons of the Analysis 
The foll'Owing assumptions have been made by most of the recent 
investigators in developing expressions for the fle·xural capacity of rein-
forced 'Concrete' structural members. The validity of these assumptions has 
be.en established experimentall'y and they have led to expressions whioh have 
given satisfaotory agreement with test results (1, 3, 4, 5): 
(a) The strain distribution is linear throughout the depth of the 
member. 
(b) The maximum flexural oapaoity is reached when oonorete crushes 
at a limiting strain. The values of limiting strain as found by the 
investigators have ranged from 0.0034 to 0.004; in this ~nvestigation it 
is assumed that the concr-ete crushes a:t a strain of 0.004. 
(c) No tension is resisted by the concrete. 
(d) The stress-strain relatIonship of the reinforcing .steel is 
known. In the theory, the actual stress-strain curve of the steel is 
approximated by an idealized curve consisting of three straight lines as 
shown in Fig. 1. 
(e) Perfect bond e-xists between the concrete and steel. 
(f) In addition-to--the above assumptions, the properti.es of the 
eon-crete stress-block must he known. These properties have been deter-
mine.d experimentally- for two limiting- stress conditions; nam&ly vertically 
cast concentrioally loaded oolumns and' horizontally cast beams under pure 
flexure (F'igs. 2a and 2b).. In the first case, the limiting-concrete 
stress of o.B5 f' is an e-xperimentally- -de-taI"mined average value for 
c 
o01umns t-este-d with-flat ends.. This value is ass_umed to inolude the 
ef"feets of shape, size, and vertical casting position of the columns. It 
is not known whether it would be valid for horizontally cast members tested 
as C o-lumns . 
For horizontally cast beams under pure flexure, the type of stress-
block shown in Fig. 2b has been found to give reliable results. This 
stress-block does not require the determination of the actual stress distri-
bution in the concrete. The internal compressive force is defined at the 
ultimate loatiby two parameters, ~ and ~, and its location by a third 
para.meter k2" Furthermore y the parameters ~ and k3 can be interpreted 
as one parameter ~~ since they never appear separately in the analysis. 
The parameter kJ.~ is the ratio of the average compressive stress in the 
be-am at failure to the strength of standard 6 x l2-in. test cylinders 0 The 
10~ 
numerical value of kJ. ~ has heen found to d'epend on the value of concrete 
strength; the following expression has heen determined from t-est results 
(3.,1): 
3000 + 0.5 ff 
c 
1500'+ f' 
c 
(1) 
This value of ~ ~ has given gcrod-'correlati:on between measured and 
oomputed ultimate moments for beams tested under pure flexure. However, 
r"r fV. < 3000 ps·i.1 Eq. 1 shpuld' be usen with caution be,cause of lack of 
:c ' 
su:f'fi~ient experimental data f'or this range-- of-ooncrete strengths. 
For members undercomhined'flsxure' and axial load, Hognestad has 
us.e:d the stress.;..block shown in Fig. 2c to develop an ultimate theory (4). 
This stress-block was det'ermined experimentally for eccentrically-loaded 
vertically-cast oolumns. The maximum stress in flexure was chosen the 
same as thatf-or concentrically-loaded flat-ended column specimens, 
@ .. B5f-~;.. Thusythis stress,;..block for combined flexure and axial load is 
c 
compati'ble with oneo'±' the two limiting stress conditions, that of pure 
axial load. For the other limiting stress condition, that of pure flexure, 
however, Hogrrestad's stress-block does not yield results in agreement with 
A comparison 'betw'een Hognestad t s and the ~ ~-type stress-blocks 
shows that thedif'ference between the two increases as the steel percent-
age p increases, or as the concrete strength f' decreases. 
c 
It is conceivable that the properties of the concrete stress-block 
are influenced by the type of stress to which the structural member is 
subj e:c'ted. Furthermore, the casting pos i tion of the member might have some 
's'ffe:ct.. In the case of' reinforced concrete box cuI verts the critical members 
are the horizontally -cast members which are subj ected primarily to flexure 
11. 
with some axial loado For this reason the kJ.~-type of stress-block is 
used in the analysis rather than Hognestadis stress-block which is appli-
cable to vertically-cast columns under primarily axial load with some 
flexure. Moreover, it is important to note that the prope.rties of both 
of these stress-blocks have 'besn detsrmined from short-time- static tests 0 
In practice, creep under sustained loads might have a larger effect on 
thal-oad-carrying capacity of a member than the differences resulting 
from using one of these stress-blocks in preference to the othero 
6. Resisting Moments at Ultimate Flexural Capacity 
An analysis' o:f a rBirrforced eronerate b'ox culvert involves the 
detenninati on o"ftire bending moments M, she'ars!, and axial loads P at 
different sections of the culvert due to the external loads on the struc-
ture. When it is desired to determine the flexural capacity of a section, 
the shearing force Y can be neglected and the effeot of the external loads 
'can be oonsidered as a bending moment M and axial load P on the section. 
It is seen later that the culverts are analyzed with respect to their 
geometric center-lines" Consequently, the axial load P must be considered 
as applied at the mid-depth of the sectiono 
For any value of axial load there corresponds a oertain moment at 
which the sec-tion fails in flexureo The ultimate flexural resisting 
moment can 'be determined by considering the static equilibrium of the 
section and the strain relations involvedo Figure 3 shows the applied 
moment M together with the corresponding axial load P and the resuTting 
distribution of strain and the magnitude and location of the internal forces 
at failure. Summation of forces parallel to the axis of the member gives: 
P = C + Co - T (2) 
s.o. that 
0'= A'f' 
s s 
T = A f 
s s 
P = L k....f1bdk + AI f' - A f ~ ~ c u s s s s 
Ta'king moments about the tension reinforcement gives 
12. 
( 4) 
(5) 
(6) 
The relationship between moment and axial load is uniquely deter-
mined by the applied loads and the stiffness of the members for an 
elastic struoture. The corresponding values of M and P at failure can be 
'Calculated from Eqs. 6 and 8 with the aid of the condition of compatibility 
of strains. In an indet'erminate structure loaded into the inelastic range, 
how'ever, M is a function of the nature and the degree of inelastic action 
and is not known in advanceo This difficulty oan be overcome by construct,... 
ing an interaction diagram for a certain range of values of P and M. Suoh 
an interaction diagram can easily be obtained by assuming arbitrary values-
of strain for the tension steel and caloulating the corresponding values 
of moment and axial load. 
Since the concrete strain in the extreme fiber was assumed to be 
0,.004 at the flexural ultimate load, any chosen steel strain determines 
the, corresponding location of the neutral axis of the section: 
EU 0.004 
ku = -E---+--E- = 0.004 + € (8 ) 
u S S 
13. 
The corresponding strain in the compression steel is derived from Fig. 3 
as follows: 
E + E E' + E U S S s 
d = td (10) 
from which 
E' = tE E (1 
-
t) = o.004t - E (1 - t) s u s s (11) 
S,teel stresses for given values of strain are determined from the follow-
ing expressions~ derived from the idealized stress-strain diagram of Fig. 1. 
E < E f = E E S Y s s S 
E < E < E f = f (12) y s 0 s Y 
E < E f = f + E E' 
0 S S 0 o s 
Calculating ku 2 fs' and f~ and using k2 equal to 0.45, the values of M and 
I which correspond to the assumed value of Es can be determined from 
Eqs. 6 and 80 Suitable selection of E -values permits the constru,ction 
s 
of any desired range of the intera,otion diagramso 
Figure 6 shows such interaction diagrams for typical rectangular 
sections reinforced in tension only.. On this figure, loads are in kips, 
moments are in inch-kips, and dimensions are in inches. These curves are 
drawn for f' equal to 3000 and 5000 psi and p equal to 0.01, 0.02) and 
c 
0.05. The reinforcing steel 'Was assumed to have the following properties: 
f = 45,000 psi, E = 30,000,000 psi, and no strain-hardening region. The Y s 
curves are shown up to the point of balanced failure, that is crushing of 
concrete is simultaneous with yielding of tension reinforcement. For higher 
axial loads the corresponding flexural capacity decreases rapidly. 
14. 
It is seen in Fig. 6 that axial load increases the ultimate flexu-
ral moment of the under~reinforced sections; that is, those having 
p = 0.01 or 0.02 in this figure. Furthermore" the more under-reinforc ed 
a section iS j the higher is the potential increase in its flexural capacity 
with increasing axial load. The term under-reinforced refers to a section 
"Which would fail by yielding of tension reinforoement before crushing of 
concrete if subjected to pure flexure. It is seen further that the rate 
of increase in moment is a maximum for low values of axial load and that 
it levels off at about one half of the axial load corresponding to the 
point of balanced failure. Further increase in the axial load results in 
a rapid decrease in the flexural capacity of the section. Likewise, the 
flexural capacity of an over-reinforced section, such as the one having 
p = 0.05 in Fig. 6, decreases as soon as any axial ldad is applied. How~ 
eyer, sections having these characteristics aI'e seldom encountered in cu.l-
verts. 
7. Resisting -Moments at First Yielding 
It was shown in -the previous s6trtion that expressions for the 
resisti.ng moments at-flexural ultima'te could be -written with the aid of 
a concrete stress-block of which only the magnitude and location of the 
internal compressive ':force -was known. In order to establish interaction 
diagrams at f'irstyielding, however, the actual stress.;..strain relationship 
for the concrete in the beam must -be kn-own. Figure 4 shows the type of 
stress-strain diagram assumed in this analysis. The diagram consists of a 
pa;raiJulic and a constant stress portion. The parabolic distribution of 
stress is expressed by the follo'Wing -equation: 
15· 
f [2 :C _ <:C)2] k f' (13) 
c 3 c p p, 
, ' 
where 
€ = 
2~f; (14) p ill 
c 
ill 
ill s (15) =-
c n 
n = 5 + 10zOOO (16) ff 
c 
The constant maximum stress ~f; was s~Iected so as to make the 
total area under the stress-strain curve e'qual to kJ. ~f ~, the average 
concrete strength in flexure as gi van by Eq. 1" Thus the following 
express"ion was obtained: 
~ = A - jA2 _ 2A~~ 
where 
0.75 ill E 
A c u = ff (18) 
C 
3000 + 0 .. 5 ff 
~~ c = 1500 + fl 
c 
(1) 
The ac-tual shape of the stress-strain diagram in concrete has now 
been assumed and the relationship b-etween 'moment and axial load at first 
yielding of tension reinforcement can be computed. This can be done by 
considering a section loaded as shown in Fig. 5. Summation of forces 
parallel to the axis of member given: 
P=C+C' -T (2) 
o = k dbk ft 
y 3 c 
0 1 = A.ff' 
s s 
T = A f 
s y 
E 
C 
E 
P 
E 2 
_ 1. (--.£) 
3 E p 
The moment of the compressive stress-blgck about the neutral axis is: 
16. 
( 4) 
(20) 
(21) 
The magntt'lldeaf the resisting moment can be determined by taking moments 
.,ith respeot to the tension reinforcement of the section: 
M = M + Od (1 - k ) + Oltd - F(d - D/2) 
na y (22) 
The procedure for the construction of an interaction diagram at 
first yielding is the same as that at flexural ultimate. Since in the 
present case the yield strain of reinforcing steel is known, suitable 
values of concrete strain in the top fiber of the section are assumed. 
This permits the determination of k and EI : y s 
E 
k c = Y E + E 
(23) 
C Y 
and 
Ei = tE E (1 - t) s c y (24) 
The magnitudes of the axial load .f and the moment M which correspond to 
the assumed value of E are then calculated from Eqs. 2 and 22. 
c 
Whenever the assumed strain E is larger than E , the above equations 
c p 
are not valid. A new set of equations can easily be set up by considering 
the conditions of' static e-quilbrium of the section.. However,. in most 
cas-es this is not neoessary since concrete strains smallsr' than E p 
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produce a suffioiently large range of' £. and M f'or the interaction diagram. 
8.. Moments Produoed by Applied L-oads 
The analysis o"f reinf'oroed concrete iJ'ox-'rrulverts with regard to 
moments, and axial loads produ,ced by app-lied loads is'dIvided into two 
phases. The first phasB considers the struoture elastie, b-efore yielding 
'~ any seotion. The seoond phase considers the inelastio b'ehavior of the 
strUGture; that is" the "formation of' plastio hinges, su.bsequent redistri-
bution of moments, and ultimate collapse. 
( a) E1:ast'i cAnal ysi s 
Elastic analysis of'the cuI ver~s 'is performed with respect to the 
geometric center-lines o"fthe structure. The- d'imensions of the structure 
and ;the type 'of loading cons'idered are shown in Fig. 7. It is assumed 
tlmt -the members are -infinitely-stiff "from,the point of intersection of 
-their center-lines to -faces of the columns, a distance D/2 = zl. It is 
fnrtherassumed that :for 'the -type of structure under consideration the 
h.orizontal and vertical members have the same uniform stiffness along their 
clear spans .. 
Fixed end moments are calculated at the face of the columns: 
Hor. Member 
Vert. Member 
1/12 wL2 (1 _ 2z)2 
1/12 cwL2 (1 - 2z)2 
Fixed end moments at the intersection of' the center-lines are obtained by 
adding -to the' a-hove moments at the column face the moments produced by 
the shear 'at the column face se-ation and by the applied load w between 
the two sections. This gives the following moments: 
Her. Member 
Vert. Member 
1/12 wL2 (1 + 2z - 2z2) 
1/12 owL2 (1 + 2z ~ 2Z2) 
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Taking into aocount also the fixed end moments resulting from the applied 
loads outside the center-lines of the members, the unbalanoed fixed end 
moment is d1.stributed aocording to the stiffness and carry-over factors 
as given by the lengths and stiffnesses of the members. For square box 
culv.ertsconsidered in the present analysis:1 the stiffness faotors are 
e:qual for both the horizontal and vertioal members and the carry,...over 
moments balance themselves because of symmetry of the struoture. - Conse-
qu.ently-, the unbalanced fixed end moment is divided. equally between the 
horizonta.l and vertical members and the following:moments are obtained as 
final moments at the midsp~n and column faoe sections: 
Moment at Column Face: 
Hor. Member 1/24 wL2 [ (1.;.. 10z + 16z2 ) + 0(1 + 2z - 8z2il (25a) 
Vert .. Member 1/24 wL2 [0(1 - 10z + 16z2 ) + (1 + 2z - 8z2 )] (25b): 
Moment at Midspan: 
':-::tY:l~~*~:~.x:~ .. ~e-.mber';':·' >t/Z~wL2 (2( 1 - z - 2z2) - c( 1 + 2z - 8z2)J 
Vert. Member 1/24 wL2 ~C(l - z - 2z2) - (1 + 2z - 8z2 )J 
(25c) 
(25d) 
The sum of mid-span and column face moments on a member must equal 
the total static moment for the clear span. This moment is determined 
solely by the external loading. Equations 25 indicate that the division 
Of the total static moment between midspan and column face sections is a 
function of the ratio c of lateral to vertical loading, and the ratio 
z = D/2L. Furthermore, since the value of z generally remains rather small, 
it ,is seen that the magnitude of the elastic moments depends primarily on 
the loading ratio c. 
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If the total vertical load Pt is considered as the basis of 
oomparison, the following substitution oan be made in the above equation: 
wL (1 + 2z) (26a) 
wL 1 + 2z (26b) 
Since both the resisting moments and the theoretical elastic 
moments due to the applied loads have been determined, the loading 
history of a structure can be traced. Experience has indicated that the 
~orizontal members are the critical members for a reinforced concrete 
box culvert. Thus, Fig. 8 shows the elastic moments plotted against the 
total vertical load Pt both at midspan and at the column face section of 
* a horizontal member. The resisting moments, both at first yielding and 
at flexural ultimate are also shown for the two sections. This has been 
done by relating the computed axial loads from an interaction diagram to 
the total vertical load Pt as follows: 
Hor. Member P cPt /2; Pt = 2P/c (27a) 
Vert. Member P = Pt /2; Pt = 2P (27b) 
Depending on the resisting moments of the two sections and on 
the relative magnitudes of the elastic moments, yielding can occur either 
simultaneously at both sections or first at one of the sections. In 
Fig. 8 it is assumed that the midspan section yielded first at a load PlY' 
Since the elastic analysis cannot be used beyond the first yielding at 
any section, the subsequent loading history, the redistribution of moments, 
* This representation is based on that used previously by Glanville and 
Thomas, Ref. (8). 
'. : ....... -'~ . 
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and" the final collapse load are determined by the inelastic properties 
of "the structure. This phase of loading is covered in the following 
subsection. 
(b) Inelastic Analysis 
Yielding of the tension reinforcement at some section introduces 
a so~called plastic hinge at that section. Since the reinforcing steel 
is yielding, the section can rotate without appreciable increase in its 
resisting moment. Only when the steel strain reaches the strain harden-
ing region, will the steel stress again increase and thus permit a further 
increase in the reSisting moment of the section. 
In Fig. 8 it was assumed that the elastic moment at midspan reached 
the curve of resisting moment at first yielding at polnt~. Thus, the 
first plastic hinge is introduced at the midspan section at load Ply while 
the column face section remains elastic at point b. It is assumed in this 
analysis that with further increase in the external loads the resisting 
moment at the section of the first plastic hinge increases along the first 
yielding curve. However, the total static moment on the member must 
remain proportional to the applied vertical loado Since this moment 
equals the sum of the elastic moments at the two sections, the difference 
between the elastic moment and the resisting yield moment at midspan must 
be redistributed to the still elastic column face section. This can be 
accomplished by a simple graphical construction. As seen in Fig. 8, the 
distances ~ must be equal for any vertical line to the right of load, Ply. 
Redistribution of moments produces a marked increase in the 
applied moment at the column face, and finally, the curve of first yield-
ing is reached at point~. This introduces the second plastic hinge in 
the struoture at a load P2y. Both seotions of the member have now 
yielded and the midspan moment has reaohed point i. 
The relationship between moments and load after the formation of 
the second plastic hinge depends on the distribution of angle changes 
in the structure and on the moment-angle change characteristics of the 
sections. If the plastic hinges were true hinges, all angle changes 
would be concentrated at the locations of the hinges. Allowing for· some 
rotation of the joints, the concentrated angle change at midspan would 
be more than twice as large as that at the oolumn face. Furthermore, if 
steel strains were assumed to be in the strain hardening region, any 
increase in the moment would be proportional to the angle ohange. Thus, 
the increase in the total static moment would be divided in the ratio 
one to two or more between the column face and midspan seotions. However, 
the actual distribution of angle changes at a plastic hinge is different 
from that at a true hinge. Figure 18 shows the moment diagram produced 
by uniform load on the horizontal member of a particular oulvert. From 
this moment diagram the actual distribution of angle changes was computed 
for the member with the aid of moment-angle change relationships as deter-
mined for the partioular sectionso It is seen that at the column face 
-~ 
yielding can occur over a rather limited length of the,rri~ber. At midspan, 
the change in moment is much more gradual and both yielding and rotation 
is spread out over a much longer portion of the beam. Although the ratio 
between the maximum values of angle change at these two sections depends 
On the section properties, it remains in the neighborhood of one rather 
than two or more as indicated for true hinges. For this reason, it is 
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assumed in this analysis that any increase in the total static moment 
after the f-ormation of two plastic hinges is divided equally between 
the midspan and column face sections. 
Figure 8 shows a graphical method for dividing the increase in 
the total static moment equally between the midspan and column face 
seotions. An arbitrary vertical line is drawn at distance h from the 
origin. The distance 2y between the elastic moments on this vertical 
line gives the corresponding total static moment. Another vertical 
line is traced the same distance h from load P2 ' and distances y on y -
this line measured from horizontal lines through points i and ~ deter-
mine the distribution of the applied moment between the two sections. 
The ultimate collapse of the structure will occur whenever an 
applied moment line intersects the corresponding curve of the resist-
ing moment at flexural ultimate. For the structure shown in Fig. 8, 
this occurs at point ~ at midspan. The corresponding load P is the 
u 
maximum load the structure can resist although the applied moment at 
the column face is below its flexural ultimate at point 1. 
The above assumed relationship between the applied moment~ and 
the total vertical load is an approximation. It is believed, however, 
that it is sufficiently close to the true behavior of the structure so 
that it can be used without significant error in predicting the ultimate 
flexural capacity of a reinforced concrete box culvert. However, in order 
that a structure can develop its ultimate flexural capacity, care must be 
taken that the plastic hinges can develop their ultimate resistance with-
out premature failure either in shear or in bond. 
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III. ANALYSIS OF SHEAR STRENGTH OF CULVERTS 
9. Shear Moment for Combined Flexure and Shear 
In Stage (1) of this research program equations were derived for 
the shear moment of reinforced concrete beams under combined flexure and 
shear (2). The following equation was obtained for beams without web 
reinforcement: 
(28) 
For laboratory test specimens loaded through steel bearing plates the 
function F(f') was found to be 
c 
4.5f' 
F(f f) = 0.57 __ -==--c 
c 105 
Beams loaded through integrally cast column stubs at midspan were found 
to have somewhat higher shear strength than that indicated by Eq. 29. 
For such beams the following value of F(f') was evaluated in a previous 
c 
technical report (6): 
703 fl 
F(f') = 0.73 ______ -c 
c 105 
(30 ) 
Equation 29 was determined for beams with concrete strengths less 
6000 psi. No test data were available for higher values of f'. 
c 
For 
percentage g, the quantity kf' F(f') reaches its maximum 
c c 
about f' = 6000 psi. Therefore, this value of concrete strength 
c 
Id be used as a limit in the use of Eq. 29. Beams with higher values 
f' should be treated as having f' = 6000 psi until sufficient test 
c c 
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data are avilable for this range of concrete strength. Likewise, the 
limit of Eq. 30 is fl = 5000 psi. For higher values of concrete strength, 
c 
f' = 5000 psi should be used in the calculations. 
c 
Since a beam with a column stub simulates a beam-column connection 
in a framed structure, Eq. 30 is used in the present analysis. Further-
more, the contribution of compression reinforcement to the shear strength 
of a member is usually rather small. If this effect is neglected, the 
shear moment equation can be written as follows: 
(31) 
lOp Shear Moment for Combined Shear, Flexure, and Axial Load 
The shear strength of a member under combined shear, flexure, and 
axial load has received very little attention in the past. Practically 
no tests on such members have been reported in the literature. As a 
consequence, the effect of an axial load to the shear strength of a 
member must be determined analytically. In this section an attempt is 
made to extend the expressions previously derived for members under com-
bined shear and flexure to include tpe effect of the axial load. As 
before, the shear strength of a section is related to an ultimate moment 
its compression zone can resist before failure. The effect of the. axial 
is considered both in determining the elastic "straight-line" ! and in 
taking moments about the tension reinforcement to determine the load-
carrying capacity of the compression zone. 
Figure 9 shows the applied and the internal forces at a section 
for a straight-line analysis for its shear strength. Summation of forces 
parallel to the axis of the member gives 
T + P = C 
where 
l-k T = pbdn k fc 
Moments taken about tension reinforcement: 
Substituting: 
From Eqs. 35 and 36: 
From Eqs. 32 and 37: 
Using: 
M + P(d - D/2) = Cd(l - k/3) 
M/P = A 
p _ Cd(l - k/3) 
- A + d - D/2 
T = C rl - d(l - k/3~ J 
. L A + d - D 2 
1 - d(l - k/37 = B A+d-D2 
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(32) 
(34) 
(38) 
and substituting Q and! from Eqs. 33 and 34, the value of k is deter-
mined from Eq. 38: 
where 
k = ( pn)2 2pn pn B +13-13 
B = 1 _ d(l - k/3~ 
A+d-D2 
A = M/P 
(40 ) 
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It is seen that the value of k must be first assumed in Eqo 39 
and then calculated from Eq. 40. The correct value of k is obtained 
when the assumed and calculated values are the same. 
After the value of elastic k is known, the shear moment for 
combined shear, flexure, and axial load can be written by taking moments 
about the tension reinforcement. The ultimate strength of the section 
will be reached when the sum of the applied moment and the moment 
produced by axial load equals the resisting moment of the section, given 
by Eq. 31. This condition is represented by 
7.3 ft 
M t • P (d - D /2) = b d 2 f I k (0. 73 _ c 
s c 105 ( 41) 
where M' designates the shear failure moment corresponding to a given 
s 
value of P. It is noticed that for P = 0, Eq. 41 for combined shear, 
flexure, and axial load reduces to Eq. 31 for combined shear and flexure 
only. 
For the purposes of plotting an interaction diagram for a comb ina-
tion of axial load and shear moment, the following procedure can be used: 
(1) Select an arbitrary value of B 
(2) Compute the corresponding value of k from Eq. 40 
(3) Compute the corresponding value of A from Eq. 39 which 
can be rewritten as: 
A d(l - k/3) _ d 1 - B D/2 (39a) 
(4) Compute the corresponding values of M' and P from Eq. 41 which 
s 
can be rewritten as: 
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peA + d - D/2) ( 41a) 
where 
M' = AP 
s 
(36) 
When suitable values of B are selected, an interaction diagram is easily 
obtained for any desired range of axial load and shear moment, M' .. 
s 
The applied moments on a structure can be compared with the shear 
moments at critical sections for shear failure.. Whenever the applied 
moment exceeds the resisting shear moment at some critical section, th.e 
member fails in shear. Studies in connection with Stage 1 of this in'les_ 
tigation showed that the following sections may be critical for shear 
failure: 
(a) Sections where maximum shear and maximum moment coincide, 
provided that the quantity M/Vd is in the range of shear-
compression failures. See Fig. 23 and Sections 18 and 20 
in Ref .. (2). 
(b) Sections in the region of maximum moment and minimum shear 
where the 'quantity M/Vd reaches a critical value. See 
Section 21 in Ref. (2). 
In the case of culverts under uniform loading there are two 
possible critical sections for shear failure. Maximum shear and maxi ... 
mum moment occur together at the column face section, case (a). The 
value of M/Vd for incipient failure at that section must be investigated 
~ith respect to the range of shear-compression. It is possible that for 
certain combinations of loading the value of M/Vd is outside the range of 
shear-compression failures so that the shear strength at that section is 
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larger than ·that given by Eq. 41. However, in the report on Stage 1 
(Ref. 2) it was not possible to set limits for the range of shear-
oompress"ion failures in terms of values of M/Vd; these limits must be 
determined with the aid of experimental data, whioh at present are not 
available. 
The seoond critioal section, case (b), is in the midspan region 
at a point in the span where the ratio M/Vd reaches a critical value. 
This oritical M/Vd could not be determined definitely because of lack 
of sufficient experimental data. It was set tentatively at about 4.5 
in Reference (2) and this value is used also in the present analysis. 
The location of this section can be found as follows: 
Moment at distance..! from midspan with respect to tension rein-
forcement: 
1 2 M = M + P(d - D/2) - -2 wx 
max 
where M = moment at midspan 
max 
P = axial load in member 
Shear at distance x from midspan: 
v = xw 
Then 
xwd 
and 
= 4.5 
x = j(4.5d)2 + ~ ~ - P(d - D/2)1 - 4.5d 
w [max J 
The magnitude of the applied moment at section x is given by: 
:1 2 
M = M - -2 wx max 
( 42) 
( 43) 
( 44) 
( 45) 
(46) 
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Shear moment·s and flexural resisting moments toge-ther determine 
the mode of 'failure and the ultimate load-carrying capa-c'i ty of a struc-
ture. These resisting moments can be calculated for any- given culvert 
and plotterl as interaction diagrams for moment and axial load. Figure 10 
shows such a graph for a particular case. Resisting moments are plotted 
against the total vertical load both at midspan and at column face. 
refers to the ultimate flexural moment, M to the flexural moment at y 
M 
u 
first yielding, and MV to the shear moment. The shear moment for nmidspa-nu 
s 
applies over the entire positive moment region; this requires the assump-
tion that the amount of tension reinforcement remains constant in that 
region. The graph in Fig. 10 is similar to that shown in Fig. 8 except 
that shear moments are given in addition to the flexural resisting moments. 
The applied moments, determined as in the case of Fig. 8 are shown 
for the column face and the midspan sections. In addition, the elastic 
moment is given at a section in the midspan region where M/Vd = 4.5, 
determined from Eq. 45. The points of intersection between the elastio 
moments and the resisting moments determine the behavior of the structure 
under increasing applied loads. In the present case, the first resisting 
moment intersected is M at the point ~ for the midspan moment.. A plastic y 
hinge is thus produced at that section at load Ply It is seen that the 
applied moment at the critical section for shear failure in the midspan 
region is below the corresponding shear moment, at point e. Likewise, 
the applied moment at the column face, point~, is smaller than both M y 
and M' at that section. After the first plastic hinge has formed, the 
s 
midspan moment increases along M and the additional increase in the total y 
static moment is redistributed to the column face section. The applied 
moment at that se"ction intersects first the shear moment curve at 
point .£. Consequently, the structure fails in shear at load P • 
u 
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Depending on the relative positions of the resisting-moment curves, 
different modes o:f failure are possible. The structure may fail in shear 
before any-plastic hinges have developed, or after developing One plastic 
hinge as shown in Fig. 10. When the flexural resisting moments are criti~ 
oal, the structure will fail in flexure either at the column face or at 
midspan as shown in Fig. 8. 
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IV. CORRELATION BETWEEN THEORY AND CULVERT TESTS 
11. Description of-Culverts and Test Results 
The Ohio River D~visionLa.boratories, Corps of Engineers, U. S. 
Army, have reported tests on four reinforced concrete box culverts (7). 
All culverts had the dimensions shown in Fig. 11. The main test 
variable was the ratio between lateral and vertical loading,..£.. In 
addition, the effective depth~ of Culvert No.2 was somewhat different 
from that of the other culverts and the concrete strength ff for Culvert 
c 
No.7 was higher than that for other culverts. 
All culverts had the same amount of reinforcement except that the 
inner vertical bars were omitted in Culvert No~ 2. Hi-bond, 3/8-in. 
reinforcing steel bars were used in all tests. The arrangement of rein-
forcement is shown in Fig .. 11. The following physioal properties of the 
reinforcement were reported: 
f = 44 ksi y 
fult = 73.1 ksi 
E = 28,500 ksi 
s 
The stress-strain relationship in the strain-hardening region of st!3el 
was not reported; the following properties have been assumed on the basis 
of tests performed on approximately similar bars in the Structural Research 
Laboratory of the University of Illinois: 
f 31.5 ksi 
o 
E = 886 ksi 
o 
These quantiti-es are defined in Eq. 10 
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Strains were measured with SR-4 electric strain gages both on 
the reinforcing steel and on the concrete. The locations of the gages 
on the reinforcement are shown in Fig. 11. Strain gages were placed 
on the two intermediate bars at each gage location. It should be noted-
that Gage Locations 1 and 3 were at different distances from the column 
face in different culverts. 1"0 place the gages on the reinforcing ba.rs, 
1 1/2 by 1/2-in. slots were formed along the entire 12-in. width of 
Culverts No. 2 and 5. It is thus seen that Culvert No. 2 had a continu-
ous 1!2-in. deep slot adjacent to the column face in the compression zone 
of the top horizontal member. This reduction in the compression area of 
the concrete at that section must be taken into account by using 
d = 4.25 in. in the analysis. In Culverts No. 6 and 7, I 1/4 by 1 1/2 
by 1/2-in. depressions were formed at each strain gage, thus exposing 
only two of the five bars at each gage loca.tion. 
The culverts were loaded through coil spring and bearing plate 
assemblies as shown in Fig. 12.- The total vertical load was applied by 
a universal testing machine; the lateral load by compressing the lateral 
springs. Although·this loading arrangement was intended to simulate uni-
form loading, deflection of culvert members under load resulted in some 
non-uniform distribution of spring loads at the higher loads. 
Dial gages were used to measure deflections of all springs on the 
top horizontal member and On the side of the culverts. However, the 
gages were removed prior to reaching the anticipated failure load and 
deflection readings were not available up to the maximum load. 
During application of test loads the lateral load was applied 
first followed by the corresponding vertical load. Lateral loads were 
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applied by simultaneously turning the nuts of eac-h pair of horizontal 
rods ,cDmme-nc-ing with the t-op pair. The vertical load was applied at the 
rate of 15,000 Ib per minute and generally in lO,OOO-lb increments. 
The physical properties of the midspan and column face sections of 
the horizontal members, and the test results are summarized in Table 1. 
Table 2 shows the loads at which yielding was observed at Gage Locations 1 
and 2. The reported loads are the average values for two gages at Gage 
Location 1 and four gages at Gage Location 2. 
12 .. Flexural Resisting Moments 
The interaction diagrams for the flexural resisting moments and 
axial loads were calculated by the method outlined in Chapter II. As a 
typical example, Table 3 shows the computations for such a diagram at 
first yielding of the column face section of Culvert No.6. Since at 
first yielding the yield strain of the tension reinforcement remains 
constant, arbitrary values of concrete strain are sea~cted for the 
extreme compression fiber of the member. Moments and axial loads with 
respect to the geometric center of the section are then calculated from 
the corresponding stresses for each assumed strain distribution. 
Table 4 shows the same method used to calculate the interaction 
diagram for the ultimate flexural moment and axial load at the column 
face section of Culvert No.6. The ultimate compressive strain of the 
concrete remains constant and arbitrary values of steel strain are 
selected. In both cases a certain strain distribution results in no 
axial load. This corresponds to the loading condition under pure flex-
ure. 
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The flexural resisting moments with corresponding axial loads 
are tabulated in Table 5 for all culvertso Since Culvert No.2 was 
tested with no lateral load, the resisting moments were calculated for 
the case of pure flexure only. It was chosen to interpret the tests on 
the basis of total vertical load, thus the axial loads in Table 5 are 
converted into equivalent vertical loads with the aid of Eq. 27a. 
The resisting flexural moments are shown graphically for all 
culverts in Figs. 13 through 16. The moments are plotted against the 
total vertical load Pt. 
13. Shear Moments 
The interaction diagrams for the shear moment and axial load 
were calculated by the method outlined in Chapter III. Table 6 shows 
the calculations for Culverts Noo 5, 6, and 7. These culverts have the 
same reinforcement and two of them have the same concrete strength~ 
f' = 5000 psi. The concrete strength for Culvert No. 7 was 6900 psi 
c 
and as discussed in Section 9, any concrete strength greater than 5000 psi 
should be treated as f' = 5000 psi. Consequently, the same interaction 
c 
diagram 'applies in all three cases. 
Arbitrary values of B between one and zero were selected and the 
corresponding values of P and Mr were calculated. Finally, the values of 
- s 
axial load P were converted into equivalent values of the total vertical 
load Pt with the aid of Eq. 27a. As the load ratio c is different for 
different culverts, the interaction diagrams are not the same for all 
culverts in terms of the total vertical load although they are the same 
in terms of the actual axial load P. 
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Since the effect of compression reinforcement was ne-glected in 
the above analysis, the column face and midspan sections have identical 
prop'erties and the same shear moments. 
The shear moments for Culvert No. 2 which was tested with no 
lateral load, were calculated separately.. The following moments were 
obtained from Eq. 31: 
Midspan Section: 
d = 4.75 in.; 
Column Face Section: 
d = 4,,25 in.; 
M' = 151.2 in.-kips 
s 
M~ = 126.6 in.-kips 
s 
Figures 13 through 16 show the shear moments plotted against Pt 
together 'with the flexural resisting moments of the culverts. The shear 
moments are shown as dashed lines. 
14. Applied Moments 
The elastic applied moments are calculated with the aid of Eqs. 25' 
for all culverts and are tabulated in Table 7. The moments are expressed 
in terms of the total vertical load Pt " It is noticed that the sum of 
midspan and column face moments On either member is a constant and equal 
to the total static moment between the sections. 
The elastic moments are shown as dashed lines in Figs. 13 through 
16 for the horizontal members of the culverts. These moments together 
with flexural and shear resisting moments provide the information nece~ ... 
sary to analyze structures. A complete loading history of each individual 
culvert is described in the following sections. Att~ntion isdirect~d ~o 
both the elastic and inelastic behavior, the mode of failure, and the ulti-
mate load of the culverts. 
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15. Culvert No.2 
Figure 13 shows the complete loading history of' Culvert No.2. 
Since this culvert was tested with no lateral load, all resisting 
moments remain constant with increasing vertical load. The theoretical 
elastic moments are plotted against Pt and are shown as dashed lines. 
It is seen in Fig. 13 that the first resisting moment intersected 
by the elastic moments is the midspan moment at first yielding. Conse-
quently, this point should determine the load producing the first plastic 
hinge, Pt = 45 kips. From measured strains as recorded in Table 2, how-
ever, it is seen that the midspan section yielded at 60 kips. This 
discrepancy is caused by differences between the assumed and the actual 
stiffnesses of the structure. In the analysis, it was assumed that the 
horizontal and vertical members have the same uniform stiffness along 
their clear spans. This assumption is valid only for an uncracked, 
essentially elastic structure. After the structure cracks, the stiffness 
of the members is ohanged and the changes are not necessarily the same at 
all sections. In the present case, all sections have the same amount of 
tension reinforcement while the theoretical moments are widely different. 
For the horizontal member the theoretical moment at midspan is more than 
six times larger than that at column face. This means that different 
sections crack at different loads and to a different extent. The column 
face section remains stiffer than the midspan section and attracts more 
moment than indicated by the analysis. Thus, moments are partially 
redistributed even before any section has yielded. Furthermore, this 
redistribution of moments can take place either from section to section 
of the same member or from one member to another.. The whole mechanism 
of moment redistrtbution before the formation of plastic hinges in a 
structure is extremely complicated and defies theoretical analysis. 
However, it is recalled that Culvert No. 2 was not reinforced according 
to the theoretical moments. When the amount of reinforcement at a 
section is in a more realistic proportion to its theoretical moment,. 
unequal changes in stiffness are not as likely to occur and the magni-
tude of the actual moment is in better correlation with the theoretical 
moment. 
Since the actual load at the formation of the first plastic hinge 
could be obtained from the measured strains,. this load is taken as the 
starting point in the inelastic analysis of the culvert. The elastic 
moment lines are rotated in such a way that the midspan moment intersects 
the first yielding line at 60 kips and that the sum of midspan and colUmn 
face moments remains the same as beforeo This condition is shown with 
solid lines in Fig. 13. 
After the first plastic hinge has formed at the midspan section, 
all increase in the total static moment is redistributed to the column 
i 
face section. This was evident from the tests in which the load-strain 
curves for Culvert No. 2 showed a marked increase of strain at the column 
face section at about 60 kips. The increased applied moment at the 
column face is seen to intersect the yield resisting moment first, and 
the second plastic hinge is formed at a load of 72 kips. Since Gage 
Location 2 was 2.25 in. from the column face, this load cannot be checked 
directly from the measured strains. However, an approximate calculation 
based on the magnitude of yield moments and On the strains measured at 
Gage Location 2 shows that the section must have yielded at about the 
load determined from Fig. 13. 
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The moment redistribution after the formation of the first plastic 
hinge can be determined also on the basis of the theoretical elastic 
moments. This is shown as the dashed lines in Fig. 13. Although the 
load for the first plastic hinge as predicted by theory is considerably 
smaller than the actual load, the second plastic hinge forms at the same 
load as that given by the actual behavior of the structure. Thus, the 
stiffness of a structure affects only its elastic moments and the load at 
which the first plastic hinge forms. The inelastic behavior of the struc-
ture and its ultimate load are determined by the resisting moments and 
are not influenced by stiffness. This is easily seen in Fig. 13 where 
the sum of yield moments at midspan and at the column face is a constant. 
When the second plastie hinge forms, the total static moment between the 
two sections must equal the sum of their yield moments. This determines 
a particular value for the load at the second plastic hinge, and it is 
immaterial how the elastie moments were divided between the sections and 
at what load the first plastic hinge formed. 
After two plastic hinges are formed, the increase in the total 
static moment is divided equally between the midspan and column face 
sections as discussed in Section 8-b. Figure 13 shows that the resisting 
moment at flexural ultimate is reached first at midspan at a load of 
98 kips. The measured ultimate load, was 110.73 kips, however. This 
difference is caused by the fact that the calculated total static 
moment was based on uniformly distributed load while the actual load 
distribution becomes exceedingly non-uniform as the structure deflects. 
It is recalled that only the total applied load was measured. This 
total load was distributed to the culverts through a spring assembly. 
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At small deflections of the structure the distribution of spring loads 
was practically uniform. When the structure yields, however, deflections 
increase rapidly and more and more of the total load is carried by the 
springs near the ends of the span. The true distribution of spring loads 
must be known in order to calculate the actual static moment On the member. 
This can be determined by calculating the deflected shape of the member 
at the ultimate load and computing the true forces in each spring with the 
aid of known spring constants. 
The relationship between moment and angle change must be calculated 
first to determine the deflection of a member. Angle change is related 
to strains in the extreme fibers of a section in the following manner: 
E + E 
:m = _c ___ s 
d 
For the ultimate and yield moments, the magnitudes of the strains were 
obtained in previous calculations for the flexural resisting moments. For 
intermediate points a cut and try procedure was used. The steel strains 
at t~e beginning of strain hardening and at other arbitrary values were 
taken as known quantities. The corresponding values of concrete strain 
were determined from the condition of static equilibrium of the internal 
forces on a section. For Culvert No.2 with no axial load the sum of the 
internal forces in the compression zone must equal the tension force in 
the reinforcement since the section was subjected to pure flexure. As an 
example, Fig. 17 shows such a moment-angle change relationship for the' 
midspan section of Culvert No.2. For a member subjected to combined 
flexure and axial load the condition of static equilibrium is more involved. 
For any assumed value of E the corresponding value of E must be so 
s c 
selected that the sum of the internal forces equals a given value of axial 
load. Thus, the moment-angle change relationship depends on the axial 
load on the member. Since in the present analysis it is necessary to 
determine the deflections at the ultimate load of the culvert, the moment-
angle change relationship must be determined for the axial load which 
corresponds to the measured ultimate load. 
After the moment-angle change relationship was determined for both 
the midspan and column face sections, the moment diagram at the ultimate 
load was plotted for the horizontal member. In order to do this, the 
uncorrected moments at the measured ultimate load were reduced by such a 
percentage as to make the midspan moment equal to the ultimate resisting 
moment at that section. Figure 18 shows such a moment diagram for 
Culvert No.2. The corresponding distribution of angle change along the 
member can now be obtained with the aid of moment-angle change diagrams. 
This is shown in the same figurev 
The deflection diagram of the member can now be calculated by 
treating the angle change diagram as applied loading on a simple-span 
beam and computing the corresponding bending moment diagramo In so doing, 
it was noticed that very nearly the same result was obtained with the: 
greatly simplified angle change diagram shown by dashed lines in Fig. 180 
This approxiIIiate diagram is determined by the ultimate angle change at 
midspan and by the location of yield moments on the member. The distance 
2a between midspan and the location of yield moment is divided into two 
equal parts. In the center half it is considered that angle change 
remains constant and equal to ~ ; in the outer halves, that it decreases 
u 
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linearily to'zero. No distributed angle change is considered outside 
this midspan region'" With this approximate diagram it is assumed further 
that the deflected member remains straight from the intersection of 
center linez to the inner load point at midspan as shown in Fig. 19. 
After the deflection diagram is determined, the actual distribu-
tion of spring loads at the ultimate load can be calculated with the aid 
of known spring constants. The corresponding total static moment can now 
be computed. Table 8 shows the maximum deflection ~ and the ratio betwe-en 
the actual and the theoretical total static moments for all culverts. 
This ratio is used as a correction factor to reduce the calculated moments 
at the maximum load in order to account for non-uniform load distribution 
due to the deflection of the structure. 
The magnitude of applied moments is corrected in Fig. 13 from the 
point of second plastic hinge to failure with the proper correction factor, 
0.87 from Table 8. Since the correction factor is computed for the deflec-
tion at the ultimate load, the corrected moments are applicable only in 
the vicinity of the maximum load. The dashed"line in Fig. 13 suggests the 
actual path of moment for the range of loads from yielding to ultimate. 
The corrected moments should' determine the maximum load the culvert 
can resist. Figure 13 shows that the ultimate resisting moment is reached 
first at the midspan section at a load of about III kips. This load is in 
a very good agreement with the measured ultimate load. 
The final failure of Culvert No. 2 was a sudden and definite break 
at a diagonal crack in the column face region of the bottom horizontal 
member. This type of failure cannot be classified as a shear failure, 
however, since the structure had developed plastic hinges both at midspan 
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and at aolumn faoe. Furthermore, the midspan seotion had reaohed its 
ultimate flexural moment. In general~ very little is known about the 
shear strength of a member after the member has yielded. In a previous 
technioal report the authors described a few tests on simple~span beams 
loaded t-hrough a column stub where both shear and flexural failures were 
obtained (6). Although not enough experimental evidenoe is available, 
it is believed that whenever a section has yielded, the pred-ominance of 
flexural cracks inhibits the appearance of diagonal cracks so that the 
member should be able to reach its ultimate flexural capacity without a 
premature shear failure. In the present case it is believed that the 
final break was the result of bond slip rather than a shear failure. The 
tension bars were cut off at 8 in. from the column face. At Gage Location 
2, 2.5 in. away from the column face, yielding was noted at 100 kips. 
Thus, only about a 5-in. length of bar was available to transmit the force 
in steel at yielding to concrete. Assuming uniformly distributed bond 
stresses, this length of anchorage indicates bond stresses equal to about 
830 psi. Any slip of the bars due to the high bond stresses would result 
in a diagonal craok and immediate collapse of the culvert. The final 
diagonal crack started at the free ends of the cut-off bars indicating the 
possibility of bond slip. This type of failure could have been prevented 
by a better arrangement of reinforcement,. either by the use of continuous 
bars or by bending the bars down. 
16. Culvert No.5 
Figure 14 shows the loading diagram of Culvert No.5. This 
culvert was loaded with both lateral and vertical loads, the ratio c 
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between tha two baing 0.3. The flexural resisting moments are seen to 
increase with increasing total load while the shear moment remains 
approximate-ly constant. 
Observation of the theoretical elastic moments indicates that 
the first resisting moment reached is the yield moment at mi"dspan. Thus, 
the first plastic hinge should have formed at that section at a load of 
about 68 kips. The section actually yielded at 85 kips. This difference 
is again caused by the fact that the stiffness of the structure was 
reduced unequally because of unequal cracking at the midspan and column 
face sections. As an "example, the horizontal members had the same amount 
of tension reinforcement while the theoretical moment at midspan was more 
than two times larger than that at the column face. 
After the first plastic hinge formed, the moment at midspan is 
considered to increase along the first yielding line and the additional 
increase in the total static moment is carried over to the column face 
section where the moment is seen to reach the first yielding line before 
it reaches the shear moment line. Thus, the second plastic hinge could 
form at the column face section at a load of 102 kips. This load cannot 
be checked directly from the measured strains because Gage Location 2 was 
placed 0.25 in. from column face and strains were measured only up to 
100 kips. However, the measured strains were as great as 80 percent of 
the yield strain at the last reading. 
After the culvert has developed two plastic hinges, the increase 
in the total static moment is divided equally between the midspan and 
column face sections. The uncorrected moments are seen to reach the flex-
ural ultimate at midspan at 121 kips. However, these moments again must 
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be reduQed by a correction factor to account for deflections and the 
resulting non-uniformity of loading. Table 8 gives the correction factor 
to be used for Culvert No. 5 as 0.93. The corrected moments intersect 
the ultimate resisting moment at midspan at 133 kips. The measured maxi-
mum load was 140 kips. It was also reported that this load was the work-
ing limit of the spring assembly used in testing. However, in view of 
Fig. 14 it is likely that the maximum measured load was also the ultimate 
load this culvert could resist. 
In considering moment redistribution after the formation of either 
one or two plastic hinges, it must be recalled that a shear failure is 
not possible at a section which has previously yielded. This is associated 
with the fact that whenever a section yields, the predominance of the 
flexural cracks inhibits the progress of the diagonal cracks necessary for 
a shear failure. Thus, it is seen in Fig. 14 that Culvert No.5 could 
reach its ultimate flexural capacity even though the applied moment at the 
column face section intersected the shear moment line before failure. In 
general, the shear moment at a section loses its significance as soon as 
the section yields. 
,17. !Culvert No.6 
Culverts No. 5 and 6 were identical in every respect except for the 
ratio between lateral and vertical loading.. This ratio c was 0.3 for 
Culvert No. 5 and 0.6 for Culvert Noo 6. 
The interaction diagrams for resisting moments and axial loads tabu-
lated in Tables 5 and 6 depend only on the physical properties of the 
sections and not on the load ratio. Thus, these diagrams for flexural and 
shear moments are identical for both culverts in terms of absolute units 
of moment and axial load. Only when the calculated axial load P is 
expressed in terms of the total vertical load Pt , do the interaction 
diagrams depend also on the load ratio. In this case the scale of the 
axial load is shifted to correspond to the given relationship between the 
axial load in the member, determined by the lateral load, and the total 
vertical load on the member. 
Figure 15 shows the loading diagram of Culvert No.6. A compari-
son of Figs. 14 and 15 shows the effect of different load ratios on the 
resisting moments of the sections. It is seen that with increasing P
t
, 
Culvert No.6 (c = 0.6) has a much larger increase in the flexural 
resisting moments than Culvert No.5 (c = 0.3). The shear moments, how-
ever, do not change appreciably and remain approximately constant for 
both culverts. 
The theoretical elastic moments are shown in Fig. 15 with solid 
lines. The first plastic hinge occurred at midspan at 114 kips. However, 
it is also noted that for this range of loads the shear moment in the mid-
span region is smaller than the yield moment. Consequently, the magnitude 
of moment at the critical section for shear failure must be investigated 
for the midspan region. This moment is shown with the dashed line for a 
section given by M/Vd = 4.5. The location of the section was determined 
by Eq. 45 and the magnitude of the critical moment by Eq. 46. It is seen 
that the moment at midspan reached its yield moment before the shear moment 
was reached at the critical section. Thus, the plastic hinge could form 
without a previous failure in shear. 
The load at the first plastic hinge as given by the theoretical 
elastic moments agrees with the load at which the midspan section yielded 
I 46. 
in the tests. This is to be expected since in this culvert the ratio of 
lateral to vertical load was such that the resulting theoretical moments 
were proportional to the amount of tension reinforcement used in the 
sections. As before, all sections had the same amount of tension rein-
forcement, but as seen in Table 7, the magnitude of the theoretical 
moments is nearly the same both at the midspan and at the column face 
sections of the horizontal member. Furthermore, the column face moment 
for the vertical member has almost the same magnitude. Thus, it is 
likely that cracking reduced the stiffness of the culvert uniformly so 
that the relative stiffnesses of the members remained the same as assumed 
in the analysis. 
After the first plastic hinge was formed, the midspan moment was· 
considered to increase along its first yielding line and the additional 
increase in the total static moment was carried over to the column face 
section. This moment is seen to intersect the shear moment line first. 
Consequently, the shear capacity at the column face section was reached 
at 122 kips. This indicates that the culvert should have failed in shear 
before developing yielding at the column face. This analysis is verified 
by the observed behavior of the culvert. The culvert failed in shear at 
the column face section at a load of 120 kips. Thus, both the mode of 
failure and the ultimate load are in good agreement with the predicted 
behavior of the structure. 
It is reported that the culvert continued to take load after the 
shear failure took place (7). The final collapse occurred at 140 kips. 
This can be explained by the fact that the shear cracks separated each 
of the horizontal members into two cantilever parts and a free body, held 
together by the axial load. Only two of the six springs acted on the 
middle portion of the member. This combination of circumstances permitted 
some additional increase in the total applied load, especially since any 
deflection tended to redistribute the spring loads to the cantilever 
portions of the member. Finally the middle free body was pushed out from 
between the cantilever ends and the culvert collapsed. 
18. Culvert No.7 
Culvert No. 7 was identical to Culvert No. 5 except for a higher 
concrete strength. The loading history of Culvert No. 7 is recorded in 
Fig. 16. 
It is seen that the first plastic hinge should occur at midspan 
at 69 kips while this section actually yielded at 80 kips. This differ-
ence is again caused by unequal reduction of stiffness of the culvert 
because of cracking, and is comparable to that observed in Culvert 
No·5. 
After redistribution of moments, the moment at the column face is 
seen to reach first the yield moment line. The second plastic hinge is 
predicted for 102 kips. The measured strains indicate that the column 
face section actually yielded at about 115 kips. It is likely that at a 
load close to the second plastic hinge the deflection of the member had 
already changed the uniform distribution of spring loads and reduced the 
corresponding total static moment. The reported load-strain curves show 
a corresponding decrease in the rate of change of strains at the column 
face at and above 100 kips. 
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After two plastic hinges have formed, the increase in the total 
static moment is divided equally between the two sections and the moments 
are reduced by the correction factor given in Table 8. The predicted 
ultimate load is seen to be 155 kips. The maximum measured load was 
160.7 kips which is in good agreement with the predicted value. 
v. SUMMARY AND GENERAL DISCUSSION 
19. Summary of Analysis 
The foregoing analysis of reinforced concrete box culverts was 
divided into two separate parts. The first part involved the determina-
tion of the resisting moments of the various parts of the structure. 
Both flexural and shear resisting moments were considered.. The second 
part of the analysis involved the determination of the applied moments, 
that is the moments produced by the applied loads on the culvert. Start-
ing with elastic moments, the formation of plastic hinges' and the subse-
quent redistribution of moments were considered. The analysis was 
completed by a comparison of the applied moments with the corresponding 
resisting moments. A culvert was considered to fail as soon as the applied 
moment at any section reached the ultimate resisting capacity of that sec-
tion. Depending on which ultimate resisting, moment is reached first, the 
culvert fails either in flexure or in shear. 
The resisting moments ,were expressed in terms of inter'action 
diagrams for moment and axial load. The flexural resisting moments, both 
at first yielding and at ultimate capacity, were found·to exhibit a very 
important characteristic. Unlike the resisting moments of structural 
steel members, the resisting moments of reinforced concrete members which 
are under-reinforced increase as the magnitude of the axial load on the 
members increases. This increase in the moment capacity occurs in a 
range of axial loads from zero to a certain value at which the mode of 
failure of the member changes from tension to compression. The more 
under-reinforced is a member, the larger is the potential increase in its 
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flexural capacity. In some cases, this increase can be more than 100 
percent of the flexural capacity of the same member under pure flexure 
with no axial load. In a sense~ an increase in the axial load is equival-
ent to increasing the amount of tension reinforcement of the member 0 
After the point of balanced failure is reached, any further increase in 
the axial load results in a rapid decrease in the flexural capacity of 
the member. Likewise, the flexural capacity of an over-reinforced member 
decreases as soon as any axial load is applied. 
The shear resisting moments, however, were found to remain practi-
cally constant for any value of axial load. Consequently, the shear capa-
city of a member does not change appreciably with an increasing axial load 
on the member. 
The applied moments on the culvert were considered in two stages. 
The first stage involved the determination of the elastic moments, that 
is the magnitude of moments before the formation of any plastic hinges. 
These moments are affected by the stiffness of the culvert.. After an 
elastic moment reaches the flexural resisting moment at first yielding at 
some section, the section yields and can rotate without any appreciable 
increase in the applied moment. Further increases in the applied loads 
must be analyzed by considering the inelastic behavior of the structure. 
It was assumed in this analysis that after the formation of the first 
plastic hinge the moment increases along the first yielding curve at that 
section. Since the culverts analyzed were indeterminate to the first 
degree, the known moment at the section of the plastic hinge makes them 
statically determinate. Consequently, any redistribution of moments in 
the inelastic stage of loading is determined solely by considerations of 
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statics and is not affected by the stiffness of the culvert. In fact, the 
sum of the moments at any two sections must remain the same as calculated 
for the elastic structure although they may be divided differently between 
the two sections. Thus, moment is redistributed from the section of the 
first plastic hinge to the adjacent still elastic sections in such a way 
that the total static moment remains in a constant proportion to the total 
applied load. 
As SOon as the applied. moment reaches the corresponding yield moment 
at another section~ the second plastic hinge forms in the structure. Any 
further increase in the total static moment bet~een the sections of two 
plastic hinges must now be divided between them according to the disiri.-
but ion of angle changes in the structure and the moment-angle change 
characteristics of the sections concerned. This was approximated in the 
present analysis by dividing the moment increase equally between the two 
sections. 
The ultimate flexural capacity of the culvert is reached as soon 
as the applied moment reaches the corresponding ultimate resisting moment 
at either section with a plastic hinge. However, this type of failure is 
possible only when premature failures in shear are prevented. In a 
complete analysis, both flexural and shear resisting moments are compared 
with the applied moments. Depending on the relationship between these 
different moments, both shear and flexural failures are possible. The 
culvert can fail in shear either before any plastic hinges have developed, 
or after the formation of the first plastic hinge. It is believed, how-
ever, that after a section has yielded, the culvert cannot fail in shear 
at that section. Thus, after the formation of the first plastic hinge a 
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shear failure can occur only at a still elastic section. Likewise, after 
two plastic hinges have developed, a culvert should be able to reach its 
ultimate flexural capacity without a premature shear failure. 
20. Summary of Test Results 
The Ohio River Division Laboratories of the Corps of Engineers 
tested four reinforced concrete box culverts. The ratio c between the 
lateral and vertical loading was the main test variable. Figures 11 and 
12 show the dimensions of the culverts and the method of loading. Table 1 
summarizes the physical properties and ultimate loads of individual 
culverts. 
Figures 13 through 16 show the l'bading diagrams for each culvert. 
The midspan and the column face sections of the horizontal members were 
considered. The flexural resisting moments were calculated by the method 
outlined in Chapter IIo These moments are listed in Table 5. The shear 
moments were calculated by the method outlined in Chapter III and they are 
listed in Table 6. The elastic applied moments were obtained with the aid 
of Eqs. 25. Table 7 lists these moments for different values of the load 
ratio c. All moments were plotted against the total vertical load Pte 
The predicted and the observed loads at the formation of the first 
plastic hinge are compared in Table 9. It is seen that Culvert No.6 
yielded at about the predicted load while the observed loads are higher 
than the predicted loads for the other culverts. This was explained by 
differences between the actual stiffness of a culvert and that assumed in 
the analysis. The calculated moments were based on the assumption that 
the culverts are infinitely stiff at the intersection of the members and 
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have the same uniform stif-fness along the clear spans of all members .. 
This assump-tionis valid for an uncracked strueture. Since cracking 
raduc'es 'the stiffness of a section, the above assumption can be valid for 
a. cracked struc-ture only when the st'iffness is reduoed uniformly at all 
sections. All culvert's -t'ested had equal amounts of tension reinforcement. 
Table 7 shows that the theoretical moments were approximately equal both 
a.t midspan and at the column face of the horizontal member and at the 
column face of the vertical member of Culvert No.6. Thus, these sections 
cracked at about the same load at to about the same extent. The relative 
stiffnesses of the members of Culvert No.6 remained essentially-the same 
as assumed in the analysis, and the magnitudes of the theoretical moments 
are in good agreement with the actual moments as indicated by- the observed 
load at first yielding. In other culverts the theoretical moments were 
widely different at different sections. This is seen in Table 7 and in 
addition, Table 9 lists the ratios between the theoretical moments at mid-
span and at the column face of the horizontal member for individual 
culverts. The sections cracked at different loads and to a different 
extent. Since maximum moment occurred at midspan, this section cracked 
first. The column face section remained relatively stiffer than the mid-
span section and attracted more moment than indicated by the analysis. 
Moments were thus partially redistributed even before the midspan section 
yielded. Consequently, the first plastic hinge formed at a h~gher load 
than that predicted. As seen in Table 9, the larger was the difference 
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between the theoretical moments) the larger was the relative difference 
between the observed and the predicted loads. 
The predicted ultimate loads are compared with the measured loads 
in Table 10. In order to determine the load-carrying capacity of the 
culverts, the magnttude of the applied moments was reduced by a correction 
factor to allow for the non-uniform distribution of spring loads after the 
formation of the second plastic hinge. 
Three culverts failed in flexure and one in shear. Culvert No. 2 
had no lateral load. It failed in tension at a load in good agreement 
with the predicted failure. The final failure was reported as a sudden" 
break at a diagonal crack at the column face section of the horizontal 
member 0 Bond stresses were investigated in the cut-off tension reinforce-
ment at that section, and it is believed that the final collapse was the 
result of bond slip rather than a failure in shear. This type of second-
ary bond failure can be prevented by proper arrangement of the reinforce-
ment. 
Culverts No. 5 and 7 were tested with the load ratio..£ equal to 
0.3. Both culverts failed in tension at a load slightly higher than the 
predicted loado These culverts were able to resist a much higher load than 
Culvert No. 2 with no lateral loado This is primarily due to the fact that 
the lateral loads produced an axial load in the horizontal memberso This 
axial load increased the flexural resisting moments of the members and 
permitted the culverts to resist a higher load at failure. 
Culvert Noo 6 failed in shear 0 This culvert was subjected to the 
highest lateral load used in the tests, c = 0060 Both the mode of failure 
and the ultimate load were predicted by the theory. The magnitude of the 
ultimate load was larger than that for Culvert No.2 (c = 0) and smaller 
than that for Culverts No.5 and 7 (c = 00')0 The behavior of Culvert 
No.6 can best be explained by a comparison of Figs. 14 and 15. These 
figures show the loading diagrams for Culverts No. 5 and 6 which were 
identical except for different load ratios. It is seen that the shear 
moments MD are practically the same for both culverts while the flexural 
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resisting moments depend on the value of c. Culvert No.5 failed in 
flexure because the increase in the yield moment with increasing total 
load was relatively small at the column face section. The applied moment 
reached the yield resistance- of the section before its shear capacity. 
Culvert No.6, however, was subjected to larger lateral loads, and the 
magnitude of the axial loads in the horizontal members was correspondingly 
larger. The flexural resisting moments increase rapidly with increasing 
total load while the shear moment remains unchanged. Although the flexural 
capacity of the culvert was greatly increased, this potential increase 
could not be utilized because the mode of failure was changed. The applied 
moment reached the resisting shear moment before the resisting yield moment 
and the culvert failed in shear. 
21. General Discussion 
(a) Flexural Resisting Moments 
Section 5 lists the assumptions made in developing expressions for 
the flexural resisting moments. Most of the assumptions are well verified 
by experiments and can be used with oonfidence. More uncertainty reigns 
in the use of a limiting concrete strain and in the stress-strain diagram 
for the concrete. In the first case, however, previous studies have shown 
that small variations in the ultimate concrete strain have relatively 
little effect on the predicted flexural strength of a member (3). 
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Moreover, this effect is entirely negligible for small percentage'S of 
tension reinforcement and for small magnitudes of axial load on the member. 
The properties of the concrete stress-block, however, have a more important 
effect on the predicted values of flexural strength. The ~~-type stress-
block was used in the present analysis. Since this stress-block has been 
determined for the condition of pure flexure, its use is limited to members 
subjected primarily to flexure. Additional experimental research must be 
carried out in order to determine the properties of a concrete stress-block 
for a general case, that is stresses varying from pure flexure to pure axial 
load. The ~~-type stress-block was converted into an equivalent stress-
strain diagram as shown in Fig. 4 to develop expressions for the resisting 
moment at first yieldingo These expressions could be checked with equations 
previously determined for pure flexure (1). It was found that the two gave 
practically identical results. Since, for a culvert, the axial load is 
small in comparison to the bending moments, it is believed that the use of 
the above stress-strain diagram did not introduce great error in the analysis. 
Since the stress-strain relationship was not known for the strain-
hardening region of the reinforcement used in these tests, it had to be 
assumed. This introduced an additional assumption in the analysis. The 
assumed values were based on the characteristics of approximately similar 
bars tested previously in the Structural Laboratory of the University of 
Illinois (1). 
The interaction diagrams for moment and axial load are uniquely 
determined by the physical properties of a section and do not depend on the 
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load ratio·c. For any value of axial load there corresponds a certain 
value of moment at which the section fails. However, whenever the resist-
ing moments in the interaction diagrams are plotted as function.:::; of the 
total vertical load Pt , they do depend on the load ratio c. Th:is is so 
because the load ratio determines the relationship between the total verti-
cal load and the corresponding axial load in a member as shown by Eqs. 27. 
It is seen from these equations that the axial load in the h~r:tZontal 
member is a fraction directly proportional to the load ratio -2. Of the 
total vertical load. Thus, as the value of c increases, the magni tUd.e of 
axial load in the member increases and a correspondingly larger resisting 
moment is obtained for any value of Pt from the interaction diagram. For 
vertical members the magnitude of axial load is always One half the corres-
ponding total vertical load.. Consequently, the resisting moments for the 
vertical members of the culvert do not depend on the load ratio. 
(b) Formation of Plastic Hinges 
All four culverts under consideration developed their first plastic 
hinge at the midspan section of the horizontal member. This was determined 
by the particular combination of resisting and applied moments as given by 
the physical properties of the sections and by the load ratio .£. 
Table 7 shows the effect of c on the elastic moments. It· ~s seen 
that for small values of c the maximum moment occurs at midspan of the hori-
zontal members. As c increases, the midspan moment decreases. After a 
certain value of c the maximum moment will occur at the column face section 
of a vertical member. Finally, with equal vertical and lateral loads, 
equal maximum moments are obtained at the column facre sections of both 
horizontal and vertical members,. 
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As wa:s s'ean be:for6~ the resisting flexural moment's are affected 
differently by the load ratio. The resisting moment of the midspan section 
increases as e increases while the resisting moment at the column face of 
the vertical member remains unchange'd. However, assuming identical sections" 
the unchanged resisting moment at the column face is always larger than the 
resis.ting moment at mid.span.. Only when the total lateral load equals the 
total vertical load do the two resisting moments becomee:qua.l,.. Thu.s,. 
culverts of ordinary proportions develop their first plastic hinge at the 
midspan s.ection of the horizontal member.. Only with high values of .E. it 
is pos,Sible that the column face of the vertical member yields first, 
unless the two sections are reinforc'sd differently .. 
After the structure has developed its first plastic hinge, a 
culvert of the typeeonsidered here becomes statio'ally determinate.. Subse-
quent redistribution of moments depends only on the requirements of statics 
'and not on the stiffness of the structure.. In the present analysis it was 
assumed that the moment at the location of the first plastic hinge increases 
along its first yielding .curve. In reality, the magnitude of this moment 
depends .on the moment-angle change r'elationship of the section and on the 
angle change to which the section is subjected. How'ever, since the magni-
tu.de of moment can increase but little before strain hardening of the ten-
sion steel takes place" the above assumption is a oOTI,Servative approximation. 
If' the aetnal increase in moment at the section were somewhat larger than 
that assumed, less moment 'Would be redistributed to other se'otions and the 
se,cond plastic hinge would form at a somewhat high.er load .. 
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Sinere the moment at the first plastic hinge inel"eaSeE but little, 
most of the increase in the total static moment is redist'ribut'ed to the 
other sttll elastic section:s~ In analyzing the test culverts it -was 
considered that the moment redistribution was such that the :column face 
section of th.e horizontal member reached its yield moment nsxt. The 
magnitude of the app·lie.d moments was also cheeked at the column face sec-
tion of the vertica.l member. It was found that in all culverts the seoond 
plastic hinge forme'd sinttlltaneously at the oolumn fa.ce of both the horizon-
tal and vertical members. As an example, Fig. 20 shows the loading diagram 
for the column face seetion of the vertical member of Culvert No.5. The 
se'oond plastic hinge is seen to develop at 100 kips,,, This is pra'ctieally 
the same load at whioh the column face section of the horizontal member 
yielded, 102 kips as seen in Fig. 14. 
In a more general case it is possible that the second plastic hinge 
forms at the column f'ace of the vertical member while the column f'a:ce 
moment for the horiZontal member is still much below yielding.. In this 
case, it is eonceivabl'e that the culvert can fail even before the second 
plastic hinge has formed in the horizontal member. This 'Case is shown in 
Fig. 21 where a loading diagram is presented for midspan and for both 
column face sections of a culvert.. Such a loading diagram is easily 
constructed by use of the condition that the sum of moments at any two 
sections must remain in a oonstant proportion to the total vertic-allcad 
at any stage of theloadi@ng. 
After two plastic hinges have. developed in a culvert, any increase 
in the total static moment for the two sections must be divided between 
them in a way that satisfies the deformation conditions of the cu.lvert. 
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This problem was discussed in more detail in Section 8 ~ It was s'ean that 
plastic hinges refer to a region of the member where yie'lding occurs rather 
than to a true hinge at a fixed location.. Al though the midspan region has 
a larger rotation than the column face region, the intensity of angle change 
was se'en to be appro.ximately the same at both sections... For this reason, 
it was decided'to divide all inorease in the total static moment equally 
between the two sections with plastic hinges.. This approximation yielded 
satisfaotory results for the culverts tested. It was also used for the 
hypothet ic~al culvert analyzed in Fig.. 21 .. 
The ultimate fle.xu.ra.l capacity of' a cu1vert is reached whenever the 
applied moment reaches the corresponding ultima.te resisting moment at any 
section.. For the test culverts the magnitu.de of moments had to be reduced 
to account for the non-uniform distri butio,n of spring loads resulting from 
large deflections af the structure ... 
The agreement between the analysis and the tests was considered 
quite satisfactory in vi.ew of the number of assumptions made in developing 
the theory. However7 there is a possibility that some of these approxima-
tions might have canceled each other for the pa.rticular culverts undar 
consideration. In ord'er to test the general validity of the analysis, a 
more comprehensive and more rigorously controlled test series should be 
undertaken .. 
(0) Shear Moments 
Expressions for the resisting shear moments were developed in 
Section 10.. These were based on the previously d',etermined equations for 
combined flexure -and shear only (2). The add,ed effect of the a.xial' load 
61 .. 
was consid'sredboth in determining the elastic Jtstraight-line" k and in 
considering' the total moment about the tension reinforcement of the section. 
The validity-of the equations developed is limited with regard to the 
values of concr'ets strength. Equation 41, -which is applicable to beam-
column connections,., can be used with concrete strengths not exc'seding 
5000 psi.. For higher strengths than this:! Eq. 41 may'be used but the value 
of fi' = 5000 psi should be substituted for the actual concrete strength 
c 
until more test data are available. 
A method waEl outlined for the calculation of an interaction diagram 
for the shear moment and axial load at a section.. It was found th&t the 
magnitude of shear moment does not change appreciably with increasing axial 
load.. Consequently, when the interaction diagram is converted into a 
resisting moment diagriIm in terms o.f the total vertical load, the shear 
moment is not affect'ed by the load ratio .£. This is unlike the flexural 
resisting moments which were seen to depend on the value of c. 
( d) Critical Seotions for Shear Failure 
The loo.atian of .cri tical sections for shear failure was disuussed 
in Se.etion 10.. At the midspan section of a member,. the moment is a maxi-
mum a.nd the she'ar is zero; diagonal cra.oks do not develop and shear failure 
is not possible" Moving out from this sec:tion,., moment decreases slowly 
and shear increases. Studies -covering Btage 1 of this investigation 
suggested that shear failure is. po:ssible at a critical value of M/Vd7 at 
a seotion where the shear is sufficient to produce diagonal cracks and the 
moment is large enough to produce a shear failure. This cri tic'a1 value of 
M/Vd was set tentatively at about 4.5.. Since no shear failures took plaee 
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in the m±ctspa;n region;- this critical value of MjVdoannot he checked "With 
the aid o:f the present tests.. More experimel1tal studies should be carried 
out -to investigate the location of the critioal section for shear failure 
in the m:i::d:span region. 
Both moment and shear have their local maxi1I1Um values at the .column 
face section. Provided that the quantitY-'M/Vd is -within the range of 
shea.r compression failure, this section constitute'S R critical se-ctian for 
shear failure,. Beoause o.f lack of experimental da.ta, however, it was not 
possi ble to determine the she'ar c'OInpression tange of M./Vd in prevIous 
studies. Simple-span beams tested under one or two symmetrical concentrate'd 
loads were found to fail in shear up to M/Vd equal to 4.8. This was the 
highest value of MjVd for most of the test specimens.. A few other beams 
haVing values of MjVd considerably higher tha.!1 4.8 failed in flexure at a 
load higher than their strength in shear compression (2). 
Culvert No ... 6 in the present test series failed in shear. Figure 15 
shows the loading diagram for the horizontal }llember of this culvert... The 
measured ultimata load is in good agreement Vii th the pre.dieted .shear 'C'apa-
oity of th.e culvert 0 The ratio MjVd was found to be equal to 1 .. 1 at 
failure.. Tha shear moment for the column faoe section of the vertical 
member was also investigated fer this culvert.. Figure 22 shows thecorres-
pondingloading diagram.. It is seen that the applied moment re'sched the 
shear moment of this S'ectian at s load considerably smaller than the 
measured ultimate load. Since the culvert did not fail at the predicted 
load of this section,. the corresponding value of M/Vd 'Was investigated. 
It 'Was found that M/Vd was equal to 2.6 at tb.B predicted load for shear 
failure.. Test data on beams loaded through bea.ring blocks indica.te that 
this value of M/Vd is -within the shear compression range. In the present 
case,. however, the critical section is at the intersection of two members, 
a saction simlar to a beam-column connection in a framed structure. 
Furthermore, the critical seation is subjected to. an axial load in addi-
tion to the' distributed transverse load. The ratio M/Vd was oonsidered 
at the column face section where both moment and shear have their maximum 
values. Di'agonal orae:king, however, must start at some distance away 
from the column face where the ratio M/Vd is different-from that at the 
column face.. It is conceivable that under such conditions the shear oompres-
sion range of M/Vd is more limi t,ed than that for ordinary- test beams loaded 
with ooncentrated loads through bearing plates and subjected to no axial 
load.. This is an unoertainty which should be investigated experimentally. 
Culvert.s No. 5 and 7 whioh failed in flexure lIere also cheuked -with 
respect to their shear moments at the column face sections of the vertical 
member'. Figure 20 showed the corresponding loading diagram for Culvert No.. 5. 
It is seen that the shear moment at thi.s section was also reached before 
the culvert failed in flexure. The .corresponding value of M/Vd was found to 
be 5 .. 5. Culvert No. 7 exhibited a similar behavior. Culvert No .. 2 had no 
shear at this section,. thus no shear failure was possible" 
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TABLE 1 
PHYSICAL PROPERTIES AND TEST RESULTS OF CULVERTS 
Culv .. f' Horizo!!~al Member Ratio Ult. Mode 
No. 0 MidsEan Column Faoe Lateral to Load of 
A .A' .d A AI d td Vertioa.l P Fa.ilure Load u s s s s 
psi in2 in2 in. in2 in2 in .. in .. 0 kips 
2 5000 0.55 4·75 0.55 0 .. 55 4.25 4 0 110·73 Flexure* 
5 5000 0.55 5 0.55 0 .. 55 5 4.5 0.3 140.0** Flexure 
6 5000 0 .. 55 5 0.55 0.55 5 4.5 0.6 120.0*** Shear 
7 6900 0.55 5 0 .. 55 0~55 5 4.5 0.3 160·73 Flexure 
* 
With 8. secondary sUdden collapse along a diagonal crack 
** Working limit of the springs 
*** 
Shear failure at l20kj final collapse at l40k 
'. 
TABLE 2 
LOADS PRODUCING YIELDING AT GAGE LOCATIONS 1 AND 2 
Cu1v. P P P at lie1ding: of 
* No .. u at last Gage ... we", 1 Gage Loc. 2 . Distance 
re.arling a.t midspan at -eol .. face. x 
kips kips kips kips in. 
2 110·73 100 60 100 2 .. 25 
5 140 100 85 0.25 
6 120(140) 130 115 130 0 
7 160.73 160 80 120 0 
* Distanoe from column faoe to gag'e; see Fig. 12. 
.l.t1.D.LJ1!i J 
INTERACTION DIAGRAM FOa ~OMENT AT FIRST YIELDING A~ AXIAL LOAD 
COLUMN FACE smCTION OF CULVERT N09 6' ' 
b ; 12 in,; D ~ 5~5 in~; d ~ 5 in.; t ::: 0.9 
f~ = 5 ksi; ~ = ~.068 (Eq. 17); Ep ::: 0.00249 (Eq. 14) 
:s =" /i ~,0~5! ~;); fy ~ 44 ksi; IDs = 28,500 ksi; €y ,,0.0015[€£ 21 [ ~ 
M " Mna + Cd(l - ky) + C:td ~ P(d : D/2) (22) C" kydb~f~ Le; - 1/3(€:) J " 320.4 ky:: - 1/3(:.:) J 
M x;;: (k d)2 bk..f Q [2/3 -E. __ 1/4 (-..2.)1 (21) C1::; A~f~ ::: 0, .55 x 28;500 El ::: 15,675 E a 
nB. Y , 0 E E ' S S 
P P 
C~td ~ 4.5 C' 
P(d • D/2) = 2.25 P 
€ 
E k E /E 1/3(....Q. ) (1) .. (2) C 
0 Y o P E p 
(1) (2) kips 
.0014 .476 .. 562 ,,105 0457 69·7 
.0013 .. 458 1'522 . 091 ,~431 6342 
.0012 .438 .482 .077 .. 405 56,,7 
,,0011 ,,417 ,.442 .065 .377 50 .. 3 
.0010 .394 .402 .054 .. 348 43.9 
.0009 .369 .362 .044 .318 37 .. 5 
.0008 ,,342 .321 10034 ~287 31.5 
.0007 .313 .281 .026 .255 25.6 
.000575 .272 .. 231 .018 .213 18.·5 
T = A f ::: 0.55 x 44 ::: 24.2 
s y 
E E 
C c 
ky ::; E + E = E + 0 .. 00154 
eye 
E I = t E - € ( 1 - t) ::: 0 .. 9 € -' 0 . 000154 
s G Y C 
El Cf P M Cd(l.,.k ) CJ.td 
S na y 
_ ' kips kips ~ In:-:ol<: in":'k in,-k 
.001106 :' 17.3 62.8 :clOT~ 7 182.6 77.2 
.001016 15·9 54.9 94.2 171.3 71.0 
.. 000926 14.5 47.0 80.9 159·4 65.3 
.000836 13 .. 1 39 .. 2 68.6 146.6 59.0 
0:000746 11·7 31.4 56~6 133.0 52.7 
.000656 1043 23.6 45~5 118.3 46.4 
.000566 8 .. 9 16,.2 35.3 103.6 40~1 
.000476 7~5 8.9 26~5 87.9 33 .. 8 
.000364 5.7 0 16.6 67,,5 25.6 
2.25P M 
In ... k 1n-k 
141.3 226'l 123.5 213 . 
105 .. 8 199.8 
88 .. 2 185.8 
70·7 171.8 
53.1 157·2 
36.5 142.6 
20aO 128 .. 2 
0 109·7 
(19) 
( 4) 
(20) 
(23) 
(24) 
TABliID 4 
INTERACTION DIAGRAM FOR ULTIMATE FLmXURAL MOMENT AND AXIAL LOAD 
COLUMN, FACE SECTION OF CULVERT NO. 6 
b = 12 in; D ~ 5.5 in; d ::: 5~O in; t ::: 0.9 
f~ ::: 5 kai; ~~ :: O~846 (Eq. 1); k2 I; 0.45 
A ::; A' x:: 0.55 in2 ; f ;::; 44 ksi; f ;;: 31.5 ksi; E ::: 28 y 500 kai; E. ;::: 886 ksi; s s yo' s '0 € ::: 0.00154; €= 0.0141 Y 0 
p ::: C + C r ... T ( 2) C ::: Ie k3f. bdk :::: 253 .. 8 k ~o u u 
M ::: Cd(l .., k2ku) + C1td - P(d ... 0/2) (8) Ct::: Aff"- ::: 0.55 fV 
a 8 S 
M ::: 5C(1 ... o.45k ) + 4.50 1 ... 2.25P 
u 
k;;: €u ::: 0.004 
u € + € 0.004 + € 
U' 8 8 
(9) 
T = A f ::: 0.55 f 
8 8 S 
E' = tE ~ € (1 - t) x:: 0.0036 - 0.1 € 
sus· s 
(3) 
(4) 
(5) 
(10) 
E < €y:f ::: ill € = 28}500 € j€ < E < € :f ~ f ::: 44.0;€ > E ;f ::: f + E € 31.5 + 886 € (illq8. 12) 
S S S8 S Y 80S y. 8 08 a 08 8 
€ 
k C €' ff' OJ 886€ s u s 80 
kips k8i' kips ksi 
.0180 .182 46.2 .0018 44 .. 0 24.2 15·9 
.0206 ~163 41.3 .00154 44 .. 0 24.2 18.2 
.0240 .. 143 36.3 .0012 34.2 18·9 21.3 
.0260 .133 33.8 .0010 28 .. 5 15.7 23.0 
.0280 .125 31.7 .0008 22.8 12.5 24.8 
.0300 .118 29·9 .0006 17·1 9.4 26.6 
.0326 .109 27·8 .00034 9.7 5.4 28.9 
f T P 8 S 
k8! kip8 kips 
47. 4 26.1 44.3 
49~7 27.3 38.2 
52!8 29·0 26.2 
54.5 30.0 19.5 
56.3 31.0 13 .. 2 
58.1 32.0 7·3 
60.4 33.2 0 
u.45k 
U 
.082 
.073 
.064 
.060 
.056 
.053 
.049 
1~0.45k- 5(1-0.45k) 
' U. u 
in" . 
.918 4.59 
.927 4.63 
.936 4.68 
.940 4.70 
.944 4.72 
.947 4.73 
.951 4.75 
M 
in-k 
221.5 
214.3 
196.0 
185~6 
176.2 
168.2 
156.3 
TABLE 5 
INTERACTION DIAGRAMS FOR FLEXURAL RESISTING MOMENTS 
AND AXIAL LOAI) 
llid.$Esn Section Column Face Section 
First Yielding: Ultimate First Yieldin~ Ultimate 
P M 2P/c P M 2P/c P M 2P/c P M 2P/c· . 
kips in-k kips kips in-k kips kips in-k kips kips in-:-k kips 
f . 
Culvert No. 2 
fl = 5000 psi; C' = 0 c. 
0 103.4 0 137.5 0 94.4 0 150.7 
Culvert No .. 5. 
ff = 5000 psi; 
c 
c = 0.3 
0 108.3 0 0 14-7.5 '0 0 109,,6 0 0 156 .. 3- 0 
7·3 122.4- 48.7 7~3 ~53.4 .48.7 8.9 128 ... 2 _ 59·3- 7·5 167.7 50.0 
13.3 133·9 88.7 15 .. 3 161.4 102.0 16.2 142 .. 6 108.0 13.2 176.2 88.0 
19· 7 145.2 131.3 20.1 166.8 '134.0 23.6 157·2 157.3 19·5 185.6 130.0 
26.1 156.6 174-.0 25·7 173.2 171.3 31.4- 171.8 209·3 26.2 196.0 174.7 
32.5 167 .. 1 216.7 31·9 180 .. 9 212 .. 7 39·2 185.8 261.3 38.2 214.3 254.7 
39 .. 0 177.8 260.0 39·3 193,,4 262.0 47.0 199 .. 8 313.3 39·5 216.1 263.3 
45.5 187.9 303.3 48)} 207.6 322·7 54 .. 9 213.6 366.0 44.3 221.5 295.3 
51·7 197 .. 0 344.7 6004- 223.5 402.7 62.8 226·7 418.7 
Culvert No .. 6 
fl = 5000 psi; e = 0.6 
c 
0 108.3 0 
° 
147 .. 5 0 a 109 .. 6 0 0 156 .. 3 0 
7,,3 122.4 24.3 7,,3 153.4 24-.3 8 .. 9 128 .. 2 29 .. 7 7,,5 167.7 25.0 
13.3 133·9 44.3 15.3 161.4 51.0 16.2 142.6 54 .. 0 13.2 176.2 44.0 
19 .. 7 145.2 65.7 20.1 166;.8 67.0 23.6 157·2 78 .. 7 19 .. 5 185.6 65.0 
26.1 156·~6 87.0 25·7 173.2 85.7 31.4 171~8 104.7 26.2 196.0 87 .. 3 
32 .. 5 167 .. 1 108.3 31 .. 9 180.9 106.3 39 ... 2 185.8 130·7 38.2 214.3 127 .. 3 
39·0 177.8 130.0 39.3 193.4 131 .. 0 47.0 199.8 156.7 39 .. 5 216.1 131.7 
45.5 187.9 151.7 48.4 207 .. 6 161.3 54.9 213.6 183.0 44 .. 3 221.5 147 .. 7 
51·7 197.0 172.3 60,,4 223.5 201.3 62.8 226.7 209·3 
Cul vert No. 7 
f'r = 6900 psi; 
c 
c = 0.3 
0 108·9 0 0 160.6 
° 
0 110.1 0 0 163.1 0 
4.0 117·0 26,.7 2.3 162.0 15 .. 3 3·7 117 .. 6 24.7 8.6 176.2 57·3 
10 .. 5 129·9 70.0 8.6 167 .. 5 57·3 6.6 123.8 44.0 20·9 196.3 139·3 
17.6 142·9 117 .. 3 16.3 175.4 108.7 11.5 134 .. 0 76.7 35.2 217·9 234.7 
24 .. 7 155·9 164 .. 7 25,,8 186.3 172.0 1904 150.0 129.3 48.5 238.6 323.3 
98.7 ·268 .. 5 658.0 31 .. 6 193·7 210.7 27·9 166~0 186.0 62.5 256.9 416.7 
38.3 202.2 255.3 36.4 182.4 242.7 70.1 266.4 467.3 
45.9 212.1 306.0 
TA"BLBl 6 
INTERACTION DIAGRAMS FOR SHEAR MOMENTS AND AXIAL LOADS 
CULVERTS NO .. 51 6, and 7 
b = 12 in; D = 5.5 in; d = 5 in; t = 0.9 
f~ = 5 ksi; n = 7 
c 
2 A = 0.55 in ; p = 0.00917; pn = O~o642 
s 
k = j(pn/B)2 + 2 pn/B - pn/B 
A = d{~ - k/3) _ d + D/2 = 5(1 - k/3) - 2.25 
1 - B 1 - B 
7.3 ft 
peA + d - D/2) = bd2f~k (0.73 - 5 c) 
o 10 
peA + 2.25) = 547~5 k 
MT = AP 
, S 
B pn/B 
1 .. 0 .0642 
0.9 .0713 
0 .. 8 .0803 
0 .. 7 .0917 
0 ... 6 .1070 
0 .. 5 .1284 
0,,4 .. 1605 
0 .. 3 .. 2140 
0.2 .3210 
0.1 .6420 
k A 
in. 
0.300 
0,,313 42 .. 55 
0,,328 20~03 
0.346 12.50 
0.368 8.71 
0 .. 394 6 .. 44 
0.428 4.89 
0.474 3 .. 76 
0.542 2.87 
0.660 2,.08 
547.5k P 
in-k kips 
164.3 0 
171.4 3.83 
179.6 8.06 
189 .. 4 12 .. 84 
201 .. 5 18·"9 
215,.7' 24.82 
234 .. 3 32.82 
259 .. 5 43.18 
296 .. 7 57 .. 95 
361.4 83 .. 46 
M' s 
in-k 
164.3 
163 .. 0 
161.4 
160.5 
160 .. 2 
159.8 
160 .. 5 
162.4-
166.3 
173.6 
( 40) 
(39a) 
( 41a) 
(36) 
Pt = p/O.15 Pt = p/O.30 
kips kips 
No. 5; 7 No,. 6 
0 0 
25.5 12.8 
53.7 26.9 
85 .. 6 42.8 
122.6 61.3 
165 .. 5 82.:7 
218.8 109 .. 4 
287.9 143.9 
386.4 193.2 
556.4 278.2 
TABLE 7 
ELASTIC APPLIED MO~S FROM EQS. 25 
Culv .. No. Horizontal Member Vertioal Member Col. Face .Midspan Col. Face Midspan 
0 2 -0.412 Pt 2.332 Pt -1.418 Pt -1.418 Pt 
0".3 5;7 -0.831 P t 1 ... 907 P t -1.,41 Pt -0.718 P t 
0 .. 6 6 -1.262 Pt 1.482 Pt -1.665 Pt -0.018 Pt 
Note: Pt = total vertioal load 
c = ratio between vertical and lateral load 
TABLE 8 
CORRECTION FACTORS FOR TOTAL STATIC MOMENT 
Culv. No .. "j 28 S K Carr. Faotor u in. kip/in ... 
2 0.0062 5.40 0 .. 36 32.2 0.87 
5 0.0043 3·72 0.17 30.6 0·93 
6 
7 0.0050 4 .. 28 0.23 69.2 0.87 
TABLE 9 
LOADS AT--FDRI!!TION OF FIRST PLASTIC HINGE 
Gulv. No. Load Ratio of Theoretical P. P Ratio 
Moments at Midspan theor. test P Ratio (kips) (kips) test 
c' and Golumn Face p 
theor. 
2 0 5 .. 66 45 60 1·33 
5 0.3 2.28 68 85 1.25 
7 0 .. 3 2.28 68 80 1.18 
6 0.6 1.17 114 115 1.01 
TABLE 10 
LOADS AT ULTIMATE STRENGTH OF CULVERTS 
Culv. No. L.oad Measured Predicted Ratio 
t 
Ratio P Mode of P Mode of P ;... test 
u Failure u Failure u c kips kips P -predicted 
u 
2 0 110·7 Tension III Tension 1.00 
5 0.3 140 Tension 133 Te'nsion 1.05 
6 0·.6 120 Shear 122 Shear 0·98 
7 a~3 160·7 Tension 155 Tension 1.04 
o f:'} 
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